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LINKS ALL OF WHOSE CYCLIC BRANCHED COVERS ARE
L-SPACES
AHMAD ISSA AND HANNAH TURNER
Abstract. We show that for the pretzel knots Kk = P (3,−3,−2k−1), the n-fold cyclic
branched covers are L-spaces for all n ≥ 1. In addition, we show that the knots Kk with
k ≥ 1 are quasipositive and slice, answering a question of Boileau-Boyer-Gordon. We
also extend results of Teragaito giving examples of two-bridge knots with all L-space
cyclic branched covers to a family of two-bridge links.
1. Introduction
Given a knot K in S3, it is an interesting problem to determine the set
Lbr(K) = {n ≥ 1 : the n-fold cyclic branched cover Σn(K) is an L-space},
where Σn(K) denotes the n-fold cyclic branched cover of S3 over K, and an L-space is
a rational homology 3-sphere whose Heegaard Floer homology is as simple as possible.
For example, when K is the trefoil, Lbr(K) = {1, 2, . . . , 5} (see [GL14]) and when K is
the figure-eight knot, Lbr(K) = {1, 2, . . .}; see e.g. [Pet09]. Evidence suggests the set
Lbr(K) always takes one of the two forms Lbr(K) = {1, 2, . . .} or Lbr(K) = {1, . . . , N} for
some N , and Boileau-Boyer-Gordon asked whether this holds in general. Some results are
known, for example non-split alternating links have L-space double branched covers, and
this is true more generally for Khovanov homology thin links [OS05]. It is known that
the n-fold cyclic branched cover of K is not an L-space for n sufficiently large, provided
that K is a non-slice quasipositive knot [BBG19], or K is fibered with non-zero fractional
Dehn twist coefficient [Rob01, KR15] see also [HM18]. This class includes, for example,
all L-space knots.
One motivation for the study of Lbr(K) comes from the L-space conjecture which, for
an irreducible 3-manifold M , asserts that M is an L-space if and only if M has a non-left
orderable fundamental group [BGW13]. Cyclic branched covers provide a natural class for
which to study the L-space conjecture, and various results are known for left orderability
of fundamental groups of branched covers; see for example [BGW13, GL14, Hu15, Gor17].
In contrast to the case Lbr(K) = {1, . . . , N}, knots for which Lbr(K) = {1, 2, . . .}, that
is, Σn(K) is an L-space for all n ≥ 1, are less well understood. In fact, prior to our work,
the only known examples was a family of 2-bridge knots [Pet09, Ter14]. We prove the
following theorem, giving a family of pretzel knot examples; see Figure 3 for our notation
of pretzel knots.
Theorem 1.1. The n-fold cyclic branched cover Σn(P (3,−3,−2k− 1)) is an L-space for
all integers k and n ≥ 1.
Boileau-Boyer-Gordon showed that if a quasipositive knot K is not smoothly slice then
Σn(K) is not an L-space for n sufficiently large, and asked the following question.
Question 1.2 ([BBG19]). Does there exist a slice quasipositive knot all of whose branched
cyclic covers are L-spaces?
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Figure 1. On the left we give a diagram for the figure-eight knot K which
after a planar isotopy has a rotational symmetry of order 2. Once we
quotient by this symmetry we obtain the symmetric link Q ∪ A. On the
right, Ln is an n-periodic link with quotient A ∪Q.
Let Kk denote the pretzel knot P (3,−3,−2k− 1). These pretzel knots are well known
to be slice; see Figure 13 for a ribbon diagram. For k ≥ 1, we show Kk is a track knot, a
notion introduced by Baader [Baa05]. Since track knots are quasipositive we obtain the
following proposition, answering the above question in the affirmative.
Proposition 1.3. The knots Kk are slice and quasipositive for all k ≥ 1.
Before discussing these examples in more depth, we first look at a two bridge example.
The figure-eight knot K is the simplest knot for which Σn(K) is an L-space for all n ≥ 1.
One way to see this is as follows. First observe that the figure-eight knot K is a 2-periodic
knot, with quotient knot Q and axis A in the quotient as shown in Figure 1. The n-fold
cyclic branched cover Σn(K) can be recovered by taking the 2-fold branched cover over
the axis A and then taking the n-fold cyclic branched cover over the lift of Q. Reversing
the order in which we take branched covers, Σn(K) can also be obtained by taking the
n-fold cyclic branched cover over Q, then the 2-fold branched cover over the lift of A,
which we denote Ln. Using the fact that there is an ambient isotopy interchanging the
two components of Q ∪ A, it is not difficult to obtain a diagram for Ln. The link Ln is
alternating and non-split, since it has a non-split alternating diagram [Men84]. Thus, its
double branched cover Σ2(Ln) ∼= Σn(K) is an L-space for all n ≥ 1 [OS05].
Peters proved that Σn(K) is an L-space for two-bridge knotsK with fraction1 [2a, 2b]+ :=
2a + 1
2b
for all a, b ≥ 1 and n ≥ 1 [Pet09]. Teragaito [Ter14] generalized these exam-
ples to two bridge knots with continued fractions of the form [2a1, . . . , 2a2k]+, where
a1, . . . , a2k > 0. In order to establish that Σn(K) is the double branched cover of an
alternating link in these cases, both Peters and Teragaito appeal to work of Mulazzani
and Vesnin [MV02] which proceeds by means of certain surgery presentations of these
manifolds. We remark that their results can be obtained directly using the 2-periodic
nature of two bridge links, generalizing the figure-eight knot case above. For any two-
bridge link L (with a particular orientation) we have Σn(L) ∼= Σ2(Ln) for some link Ln;
see e.g. [MV01]. In certain cases, this link Ln is non-split and alternating. This line of
argument extends Teragaito’s family to two bridge links [Ter14] as follows. We note that
1A two-bridge knot with fraction pq has double branched cover the lens space L(p, q). The figure-eight
knot has fraction 52 = [2, 2]
+ = 2 + 12 .
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the special case of two-bridge torus links with fraction [2a]+ = 2a and anti-parallel string
orientations was first shown by Peters [Pet09].
Theorem 1.4. Let L be a two-bridge link with fraction of the form
[2a1, 2a2, . . . , 2an]
+ := 2a1 +
1
2a2 +
1
. . . +
1
2an
,
where a1, . . . , an are all positive integers. In the case that L is a two-component link, we
orient the link as in Figure 14. Then Σn(L) is an L-space for all n ≥ 1.
More generally, whenever a link L is 2-periodic with quotient link the unknot, we can
express Σn(L) as the double branched cover over a link Ln. This is the case when L is an
odd pretzel knot with all tassel parameters odd integers. Thus, Σn(P (3,−3,−2k − 1)) is
the double branched cover of a link Ln,k. However, unlike in the figure-eight knot case,
the links Ln,k are not, in general, alternating links. For example, L2,1 is the pretzel knot
P (3,−3,−3) which is not even quasi-alternating [Gre10]; see also [Iss18]. We instead show
that the links Ln,k are two-fold quasi-alternating, a generalization of quasi-alternating links
introduced by Scaduto and Stoffregen [SS18]. Two-fold quasi-alternating links are Z/2
reduced Khovanov thin [SS18]. Thus Σ2(Ln,k) = Σn(P (3,−3,−2k − 1)) is a Heegaard
Floer L-space [OS05] and a framed instanton L-space [Sca15] with Z/2 coefficients. In
fact, we prove that the larger family of links L(k1, k2, . . . , kn) in Figure 2 are all two-
fold quasi-alternating. The link Ln,k is given by L(−k,−k, . . . ,−k), where −k appears n
times.
Theorem 1.5. Let L(k1, k2, . . . , kn) be the link in Figure 2. Then L is two-fold quasi-
alternating for all integers k1, . . . , kn.
k1 kn−1 kn
Figure 2. The link L(k1, k2, . . . , kn), where k1, . . . , kn are any integers.
A twist box labelled ki denotes ki signed half-twists. See Figure 3 for an
example of our signed twist conventions.
At the time of this writing, the links in Theorem 1.1 and Theorem 1.4 include all cur-
rently known examples of knots and links all of whose branched cyclic covers are L-spaces.
It is rather curious that in all of these examples, the knots satisfy the following properties.
It is an interesting question whether any of these properties hold more generally.
(1) The roots of the Alexander polynomial ∆K(t) are all real and positive [LM12,
Lic97].
(2) The Tristram-Levine signature function σω(K) is identically zero. This is implied
by (1).
(3) The d-invariant d(Σn(K), s) = 0 on the specific spinc structure s described in
[LRS20], for all n ≥ 2.
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(4) The knot group pi1(XK) is biorderable [Joh19, Corollary 1.11], [Joh20].
We remark that property (3) follows from property (2) together with work of Lin-
Ruberman-Saveliev establishing a relationship between the Tristram-Levine signatures
and the Heegaard Floer d-invariant d(Σn(K), s) for a certain spinc structure when K is a
knot such that Σn(K) is an L-space for all n ≥ 2 [LRS20]. We remark that the oriented
two component links L of Theorem 1.4 all satisfy |σ(L)| = 1 which is as small as possible
among two component links whose double branched covers are rational homology spheres.
We end the introduction with the following question.
Question 1.6. Does there exist a non 2-periodic knot K for which Σn(K) is an L-space
for all n ≥ 1?
1.1. Organization. We exhibit Σn(Kk) as the double-branched cover of a link Ln,k in
Section 2. In Section 3 we give background on two-fold quasi-alternating links. We prove
Theorems 1.1 and 1.5 in Section 4. We prove Proposition 1.3 in Section 5. We conclude
with a discussion of the case of two-bridge links and prove Theorem 1.4.
1.2. Acknowledgements. Conversations with Jonathan Johnson compelled us to study
this family of pretzel knots. We would like to thank Cameron Gordon and Liam Watson
for helpful feedback on an earlier draft. In addition, the second author thanks Cameron
Gordon for many helpful conversations as well as his advice and support. The second
author is supported by an NSF graduate research fellowship under grant no. DGE-
1610403.
2. Branched Cyclic Covers of P (3,−3,−2k − 1)
In this section we discuss 2-periodic symmetries for pretzel links and apply these sym-
metries to express Σn(P (3,−3,−2k− 1)) as the double-branched cover of a link Ln,k. Let
the pretzel link P (p1, p2, . . . , pn) be defined by replacing the boxes in Figure 3 with |pi|
half-twists with sign determined by the sign of pi. We remark that cyclic permutations
of the parameters do not change the link isotopy class. Then Kk = P (3,−3,−2k − 1),
and in fact any pretzel link P (p1, p2, . . . , pn) with each pi odd, admits an involution whose
axis is disjoint from the link which we will now describe. Let a be the horizontal line
which passes through each twist box in the standard diagram for Kk through the central
crossing of each twist box. Then Kk is rotationally symmetric about a; see Figure 3.
Rotating about this axis a by an angle of pi defines an involution ι which preserves the
knot setwise. The fixed set of this involution in S3 is the axis a.
p1 p2 pn
Figure 3. The pretzel link P (p1, p2, . . . pn) and a symmetry of P (−3, 3,−3).
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We are interested in the quotient by this involution. The quotient 3-manifold is S3 and
we denote the quotient knots by ι(S3, Kk, a) = (S3, Kk, a) pictured in Figure 4. In fact,
ι defines a branched covering map from S3 to itself where the branching set is a and the
branching is of index 2.
−k
Kk
a
−kKk
Figure 4. Let Kk = P (−3,−2k − 1, 3) ∼= P (3,−3,−2k − 1). There is an
isotopy of Kk ∪ a to a diagram where a sits inside a solid torus with Kk its
meridian
Taking any partition of the components of an oriented link L into l subsets so that
L = L1 ∪ · · · ∪Ll, one can consider different branching indices n1, . . . , nl for each sublink.
To denote the unique Z/n1 × · · · ×Z/nl branched cover obtained by this process, we will
write Σn1,n2,...,nl(L1∪L2∪ . . .∪Ll). Thus, a feature of links L which admit such a two-fold
symmetry with axis a avoiding the link, is that the n-fold branched cylic cover Σn(L) can
be expressed as the Z/n × Z/2 branched cover of the quotient link L ∪ a. The order of
branching does not affect the homeomorphism type of the manifold Σn,2(L ∪ a). Thus
one can consider first branching (of index n) over L, and then branching (of index 2) over
the lift of a which we denote Ln; see Figure 5. This process and commutative diagram
are well-known; see for instance [MV01]. From this commuting diagram, we see that if
Ln = φ
−1
n,1(a), then Σn(L) ∼= Σn,2(L ∪ a) ∼= Σ2(Ln) can be expressed both as an n-fold
cyclic branched cover over L and a 2-fold branched cover over Ln.
Σn(L) ∼= Σn,2(L ∪ a) ∼= Σ2(Ln)
Σ1,2(L ∪ a) ∼= (S3, L, a) Σn,1(L ∪ a)
(S3, L, a)
ρn,1 φ1,2
ρ1,2 φn,1
Figure 5. For 2-periodic link L, the n-fold branched cover can be ex-
pressed in two ways. The left-hand side of the diagram describes Σn,2(L∪a)
as first branching over a, and then over L (the lift of L). On the right-hand
side, we branch first over L and then over the lift of a which we denote Ln.
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In the special case that L ∪ a is the union of two unknots, it is easy to understand the
manifold M = Σn,1(L ∪ a). In particular M ∼= S3 and it is possible to obtain a diagram
for (S3, Ln) via the quotient diagram of L ∪ a.
Proposition 2.1. Σn(P (3,−3,−2k − 1)) ∼= Σ2(Ln,k) where Ln,k is the link in Figure 6.
Proof. By appealing to the diagram in Figure 5, it suffices to describe the lift a of Ln,k
after branching of index n over Kk where Kk = P (3,−3,−2k − 1) and Kk denotes its
quotient under the involution described above and illustrated by Figure 4.
The manifold M we are interested in understanding is the n-fold cover of Kk which is
unknotted. The complement of Kk is a solid torus T whose lift is also a solid torus T˜ in
M . This solid torus T˜ has meridian µ˜ and longitude λ˜. If µ and λ denote the meridian
and longitude of T , then λ˜ is the lift of λ while µ lifts to n disjoint translates of µ˜.
Thus, it is easy to obtain a diagram for Ln,k the lift of a. Figure 6 is obtained by cutting
open the torus of Figure 4 along Kk and “stacking” n copies of the corresponding cylinder
and finally identifying the ends by the identity. 
−k −k −k
Figure 6. The link Ln,k inside a torus (obtained by identifying the end
disks of the cylinder by the identity map) sitting in S3.
3. Two-fold quasi-alternating links
In this section we recall the definition of two-fold quasi-alternating (TQA) links, as well
as a few key facts which we will use. All of this material can be found in [SS18].
A marked link is a pair (L, ω) where L ⊂ S3 is a link and ω is an assignment of
an element of Z/2 to each component of L. If the number of components marked with
1 ∈ Z/2 is even (resp. odd) we say that (L, ω) is a two-fold marked link (resp. odd marked
link). The trivial two-fold marking assigns 0 ∈ Z/2 to every component of L.
Let D be a planar diagram representing a link L. An arc of D is a strand of D that
descends to an edge of the 4-valent graph formed from D upon forgetting its crossings. A
marking of D is an assignment ω˜ : Γ(D)→ Z/2, where Γ(D) is the set of arcs of D. We
say (D, ω˜) is compatible with or represents (L, ω) if∑
γ∈Γ(K)
ω˜(γ) = ω(K) (mod 2),
for each component K of L. This data can be packaged diagrammatically by placing
an odd number of dots on each arc γ for which ω˜(γ) = 1. Using this diagrammatic
interpretation, when we smooth D at a crossing (see Figure 7), we naturally obtain two
marked diagrams (D0, ω˜0) and (D1, ω˜1) by counting dots mod 2.
Definition 3.1. The set of two-fold quasi-alternating (TQA) two-fold marked links, de-
noted Q, is the smallest set of two-fold marked links satisfying the following:
(1) The unknot with its unique trivial two-fold marking data is in Q.
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D D0 D1
Figure 7. D and its two smoothings D0 and D1 in a neighbourhood of a
given crossing.
(2) Any two-fold marked link that splits into two odd-marked links is in Q.
(3) Let (D, ω˜) be a marked diagram representing (L, ω) such that the two smoothings
(D0, ω˜0) and (D1, ω˜1) at a crossing represent marked links (L0, ω0) and (L1, ω1),
respectively (see Figure 7). If
• both smoothings (L0, ω0) and (L1, ω1) are in Q, and
• det(L) = det(L0) + det(L1)
then (L, ω) is in Q.
We say that a link L is two-fold quasi-alternating (TQA) if for the trivial marking ω, we
have (L, ω) ∈ Q.
All non-split alternating links are TQA. Finally, the key fact about two-fold quasi-
alternating links which we will use is the following; see [SS18, Corollary 1].
Theorem 3.2. If a link L is TQA, then Σ2(L) is a Heegaard Floer L-space with Z/2
coefficients.
4. Ln,k are two-fold quasi-alternating
The goal of this section is to show that all the links Ln,k in Figure 6 are two-fold quasi-
alternating. This implies that their double branched covers are L-spaces. We will in fact
show that a broader family of links is TQA. We first define the links of interests.
Definition 4.1. Let T (k) denote the 3-tangle shown in Figure 8, where k ∈ Z ∪ {∞}.
If T1 and T2 are 3-tangles, denote by T1 ⊕ T2 the 3-tangle obtained by stacking the two
tangles, with T1 to the left of T2; see for example Figure 9. Let L(k1, . . . , kn) ⊂ S3 denote
the link given by the closure of the tangle T (k1)⊕T (k2)⊕· · ·⊕T (kn), where ki ∈ Z∪{∞}
for all i.
The link Ln,k in Figure 6 is the link L(−k,−k, . . . ,−k). We will show that these links
are all TQA.
T (k) k=
0
∞ =
=
Figure 8. The tangle T (k) where k is the number of signed half-twists.
See Figure 3 for an example of our signed twist conventions. We also allow
the case k =∞ which by convention is as shown.
Lemma 4.2. The link L(k1, k2, ..., kn) is a knot provided no ki =∞.
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Proof. The link L = L(k1, k2, ..., kn) is the closure of T (k1) ⊕ · · · ⊕ T (kn). To count the
number of components of L, we only need to keep track of the way each tangle T (ki)
connects the 6 endpoints of the tangle, which is determined by the parity of ki. If T
and T ′ are 3-tangles, write T ∼ T ′ if T and T ′ are homotopic, in other words, they
have the same connectivity of endpoints and number of connected components. One can
check the four cases: T (0)⊕ T (1) ∼ T (1), T (0)⊕ T (0) ∼ T (0), T (1)⊕ T (0) ∼ T (0) and
T (1) ⊕ T (1) ∼ T (1). Thus, T (k1) ⊕ · · · ⊕ T (kn) ∼ T (k), where k ∈ {0, 1}. Finally, the
closure of both T (0) and T (1) are knots, hence L is a knot. 
Lemma 4.3. Let L = L(k1, . . . , kn) with ki ∈ Z ∪ {∞} for all i. If ki = ∞ for exactly
one value of i ∈ {1, . . . , n}, then L is the two component unlink.
Proof. Notice that the link L = L(k1, . . . , kn) is unchanged under any cyclic permutation
of the parameters (k1, . . . , kn). Hence, we may assume that kn =∞. Figure 9 shows that
T (k)⊕ T (∞) is isotopic to T (∞) as tangles, provided k 6=∞. Applying this n− 1 times,
we see that T (k1) ⊕ · · · ⊕ T (kn) is the same as T (∞). Hence, L is the closure of T (∞)
which is the two component unlink. 
T (k) T (∞)⊕ = T (∞)
k
Figure 9. The identity T (k)⊕ T (∞) = T (∞).
Lemma 4.4. The links of the form L(0, 0, . . . , 0) are all non-split alternating knots.
Proof. The link L = L(0, 0, . . . , 0) is the closure of T (0) ⊕ · · · ⊕ T (0). It is a knot by
Lemma 4.2. If T is a tangle conjugate to T (0) then L is also given by the closure of
T ⊕· · ·⊕T . Figure 10 shows that we can conjugate T (0) to an alternating tangle T , from
which we see that the closure of T ⊕ · · · ⊕ T has a non-split alternating diagram. 
T (0) T (0) T
Figure 10. The alternating tangle T is obtained from T (0) by conjugating
by a tangle interchanging the top two strands. The middle diagram of T (0)
is obtained from the one on the left by an isotopy.
Theorem 1.5. The knot L(k1, . . . , kn), where k1, . . . , kn are integers is two-fold quasi-
alternating.
Proof. We prove this by induction on N = |k1| + · · · + |kn|. Let L = L(k1, . . . , kn). If
N = 0 then ki = 0 for all i and L is a non-split alternating knot by Lemma 4.4, and hence
is TQA. Assume that N > 0 and let i ∈ {1, . . . , n} be an index such that |ki| > 0.
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For convenience, let ε = sign(ki) ∈ {±1}. Pick any crossing in the twist box la-
beled ki. Smoothing L at the crossing results in two links: L0 = L(k1, . . . , ki−1, ε(|ki| −
1), ki+1, . . . , kn) and L1 = L(k1, . . . , ki−1,∞, ki+1, . . . , kn). By Lemma 4.3, L1 is the two
component unlink. Let D denote our diagram for L, and take any two arcs of D which,
after smoothing the crossing, belong to the two distinct components of L1. Define a mark-
ing on D which assigns 1 ∈ Z/2 (a single dot) to each of these two arcs, and 0 (no dots)
to all other arcs. Since L is a knot by Lemma 4.2, this marking represents the trivial
marking of L (the two dots cancel mod 2). Smoothing the crossing, with this choice of
marking, we obtain marked diagrams representing:
• L0 with its trivial marked diagram since L0 is a knot by Lemma 4.2. This marked
link is TQA by the induction hypothesis.
• The two component unlink L1, where each component is assigned 1. This is TQA
as it splits into two odd marked unknots.
We note that the determinant condition det(L) = det(L0) + det(L1) is automatically
satisfied since det(L1) = 0. Hence, L (with its trivial marking) is TQA.

Since the links Ln,k in Figure 6 are the links of the form L(−k,−k, . . . ,−k), the above
theorem implies that they are all TQA. Combining this with Proposition 2.1, we obtain
the following.
Theorem 1.1. The branched cover Σn(P (3,−3,−2k − 1)) is an L-space for all integers
k and n ≥ 1.
5. Quasipositivity and sliceness of the knots P (3,−3,−2k − 1)
In this section we show that the knots P (3,−3,−2k − 1) are quasipositive. The argu-
ment used also shows the well-known result that these pretzels knots are slice. Let Bn
denote the Artin braid group on n strands and let σi be the standard Artin generators
for 1 ≤ i ≤ n.
We now recall the definition of a quasipositive link. A braid β ∈ Bn is called quasi-
positive if it can be written as a product of conjugates of the Artin generators: β =∏
k wkσikw
−1
k . A link in L in S
3 is quasipositive if it is the closure of a quasipositive braid.
Quasipositivity is useful in determining properties of the branched cyclic covers of the
knots in S3 as the following theorem shows.
Theorem 5.1 ([BBG19]). Suppose K is a non-slice quasipositive knot. Then there is an
N = N(K) so that Σn(K) is not an L-space for all n ≥ N .
The following proposition shows that the pretzel knots which were shown in Section 4 to
have all L-space branched covers are also quasipositive. Note the knots in the proposition
are slice; see Figure 13 for a ribbon diagram. This answers Question 1.2.
Proposition 1.3. The knots P (3,−3,−2k − 1) are slice and quasipositive for k ≥ 1.
In order to prove this, we use the notion of a track knot defined by Baader [Baa05].
Definition 5.2. Let C be the image of a generic immersion i : [0, 1]→ R2 with a labeling
at each double point by a letter in {a, b, c, d}, and an angle in {0, pi/2, pi, 3pi/2}; here we
assume the diagram has been isotoped so that double points locally look like in the
plane (not some arbitrary rotation of this picture). Finally, specify points p1, p2, . . . , pr on
10 AHMAD ISSA AND HANNAH TURNER
(b, 3pi/2)
(b, pi)
Figure 11. An immersed labeled interval and the corresponding track
knot, which happens to be isotopic to P (3,−3,−3).
the connected components of C − {double points} such that each connected component
of C − {p1, p2, . . . , pr} is contractible. We will call C a labeled immersed interval.
(a, 0) (c, 0)(b, 0) (d, 0)
Figure 12. The process defining a knot from a labeled immersed curve
replaces a double point labeled (a, 0), (b, 0), (c, 0) and (d, 0) with the cor-
responding crossing patterns above. If the angle at the crossing is not
0, rotate the corresponding diagram above by the angle specified in the
counter-clockwise direction.
From such an interval one can associate a knot as follows (see Figure 11 for an example).
Draw an immersed interval parallel to C and join the two intervals by an arc at each end of
C, this forms an immersed band following C which we will call BC . Orient ∂BC counter-
clockwise. Each double point of C corresponds to four self-intersections of ∂BC , which
we replace with over-and under-crossings according to the labeling and angle of C at that
double point as shown in Figure 12. Replace each point pi with a full-twist oriented to
introduce positive crossings.
Definition 5.3. A knot obtained from a labeled immersed interval by the above procedure
is called a track knot.
Theorem 5.4 ([Baa05]). Track knots are quasipositive.
Remark 5.5. Baader’s proof that track knots are quasipositive describes an algorithm
to obtain a quasipositive braid word for a track knot, though in general it will not be of
minimal braid index.
Figure 13 shows that the knots P (3,−3,−2k − 1) are track knots and exhibits a slice
disk for them. We then obtain the following proposition.
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−2k−1 −2k−1
−2k−1 }k
Figure 13. An isotopy of the pretzel knot P (3,−3,−2k − 1) which in
particular exhibits ribbon disks for each knot. After redistributing a half
twist from the twist box in the final pictured knot diagram by isotopy, we
obtain the bottom right picture which gives a labeled immersed interval for
P (3,−3,−2k − 1) realizing these knots as track knots.
Proposition 5.6. The pretzel knots P (3,−3,−2k − 1) are slice track knots for k ≥ 1.
Proposition 1.3 now follows from Theorem 5.4.
6. Branched cyclic covers of two-bridge links
In this section we prove Theorem 1.4 giving a family of two bridge links, all of whose
cyclic branched covers are L-spaces.
We first briefly recall some background on two bridge links. The two bridge link asso-
ciated with the fraction p
q
∈ Q, where p > q > 0 are coprime is the unique link Lp/q in S3
with double branched cover the lens space L(p, q). The links Lp/q and Lp/(p−q) are mirror
images, and hence up to taking mirror images we may assume that precisely one of p or
q is even. Then, following for example [Kaw96], one can write p/q as a (positive) even
continued fraction expansion
p
q
= [2a1, 2a2, . . . , 2an]
+ := 2a1 +
1
2a2 +
1
. . . +
1
2an
,
where a1, . . . , an are integers. Then Lp/q is the link shown in Figure 14. If n is even,
Lp/q is a knot, otherwise it is a two component link.
We are now ready to state a theorem which classifies all examples known to the authors
of two-bridge links, all of whose branched covers are L-spaces. The statement restricted to
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2a1
−2a2
2an−1
−2an
2a1 2a3
−2a2 −2an−1
2an
Figure 14. The top picture depicts a diagram for the two-bridge knot
K with fraction [2a1, . . . , 2an]+ where n is even. On bottom we have a
diagram for the link L with fraction [2a1, . . . , 2an]+ where n is odd, with a
preferred orientation. In both diagrams the boxes should be replaced with
the corresponding number of signed half-twists.
two bridge knots with fraction [2a1, 2a2]+, and links with fraction [2a1]+ is due to Peters
[Pet09]. The case for two-bridge knots with fraction of the form [2a1, 2a2, . . . , 2an]+ was
shown by Teragaito [Ter14]. Again, two bridge knots are known to be 2-periodic with
quotient the unknot; this implies that their n-fold cyclic cover is the 2-fold cover of a link
Ln. This line of reasoning is known to experts; see e.g. [MV01]. We observe that for a
certain family of 2-bridge links, Ln is non-split and alternating and conclude that Σ2(Ln)
is an L-space.
Theorem 1.4. Let L be the two bridge link with fraction [2a1, 2a2, . . . , 2an]+ where ai > 0
for all i = 1, . . . , n. In the case that L is a two-component link we consider the link oriented
as in Figure 14. Then Σn(L) is an L-space for all n ≥ 2.
Proof. Figure 15 shows a diagram for the link L, where n is odd, which is rotationally
symmetric about the origin (thinking of the diagram on the plane). An analogous process
yields a symmetric diagram for the two bridge knot with fraction [2a1, . . . , 2an]+ where n
is even.
We sketch a proof that the diagrams in Figure 14 and Figure 15 are isotopic. Using
the Conway sphere indicated in Figure 15 all of the half-twists of the left-hand twist box
labelled an can be untwisted at the expense of adding an half twists to the box labelled
an on the right.
There is a corresponding Conway sphere Si for each 2 ≤ i ≤ n which contains all
twist boxes labelled aj for j < i. Twisting along each Si, either about its horizontal or
vertical axis depending on the parity of i, in decreasing order from Sn to S2 yields the
corresponding link in Figure 14.
Since this diagram is symmetric about the origin, we can take the quotient of (S3, L∪a)
under the rotation about a through angle pi where a is the axis in S3 perpendicular to the
origin of the diagram, yielding (S3, L ∪ a); see Figure 16. It is not hard to see that L is
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a1 a1
−a2
−a2
a3a3an an
Figure 15. A symmetric diagram for the two bridge links with fraction
[2a1, . . . , 2an]
+ where n is odd. Imagining the diagram is placed on the
plane, along the x-axis the twist boxes with coefficient aj for j odd are
placed at (±j, 0). Along the y-axis the twist boxes with coefficient −aj
for j even are placed at (0,±j). The boxes are connected so that for each
box indexed with aj is connected to both boxes indexed with aj + 1 in the
manner depicted. The dotted circle indicates a Conway sphere that, when
rotated through angle pi, gives an isotopic link but transfers a half-twist
from one box labelled an to the other.
a1
an
−a2 −a2
a3
−a4
a3an
a1a
L
Figure 16. The link L∪ a on the left. This link is symmetric; exchanging
the roles of L and a, and then cutting a along the obvious disk bounded by
L yields the picture on the right.
unknotted. If we now assume that each ai > 0 we also see that the quotient diagram of L
is alternating and in fact the diagram can be modified by only Reidemeister 1 moves to
obtain a diagram for L as the standard unknot. It follows that the link L∪a is symmetric,
meaning that for any diagram there is an isotopy which exchanges the roles of L and a,
but otherwise leaves the picture unchanged.
As in the proof of Proposition 2.1, we see that we can now express Σn(L) as Σ2(Ln)
where Ln is the lift of a under the n-fold branched cover of the unknotted L. Since a has an
alternating diagram as a pattern in the complement of L, its lift will also be alternating.
Thus each Σn(L) is homeomorphic to the double-branched cover of a non-split alternating
link, and hence is an L-space. 
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